Abstract. We generalize Bilharz's Theorem for G m to all one-dimensional tori over global function fields of finite constant field. As an application, we also derive an analogue, in the setting of function fields, of a theorem (Chen-Kitaoka-Yu, Roskam) on the distribution of fundamental units modulo primes. §0. Introduction Let k = F r be a finite field with r elements, and let F be a global function field having k as field of constants. We are interested in dimension one tori T defined over F . Given such a torus T /F together with a non-torsion rational point P 0 ∈ T(F ), we want to study the set M P 0 consisting of prime divisors v of F where T has a good reductionT and P 0 modulo v generates the abelian groupT(F (v)), where F (v) is the finite residue field of F at v. In the case
§0. Introduction
Let k = F r be a finite field with r elements, and let F be a global function field having k as field of constants. We are interested in dimension one tori T defined over F . Given such a torus T /F together with a non-torsion rational point P 0 ∈ T(F ), we want to study the set M P 0 consisting of prime divisors v of F where T has a good reductionT and P 0 modulo v generates the abelian groupT(F (v)), where F (v) is the finite residue field of F at v. In the case T = G m , it was claimed by Bilharz [2] that if P 0 / ∈ T(F ) q for all primes q dividing r −1, then M P 0 always has positive (Dirichlet) density. The purpose of this note is to extend Bilharz's theorem to all dimension one tori.
Main Theorem. Let P 0 ∈ T(F ) be a non-torsion rational point. Then the set M P 0 has a positive density if and only if P 0 / ∈ T(F ) q for all prime q dividing #(T or(T(F )). 1 Research partially supported by National Science Council, Rep. of China. 2 1991 Mathematics subject Classification: 11R11, 11R45, 11R58. 3 key words and phrases: torus, function fields, primitive roots, density.
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Thus it is enough to consider only those tori T which are not isomorphic to G m over F . Since the only automorphisms of G m are ±identity, any such torus is isomorphic to G m over an unique separable quadratic extension K of F . If r is odd, then such T can be described by an equation of the form x Given a prime divisor v of F , we set |v| = r deg v
= #(F (v))
. It is not difficult to see that, if we restrict ourselves to prime divisors of F where T has a good reduction, for those v which are inert in K, the groupT(F (v)) is cyclic of order |v| + 1, whereas for those v which splits in K,T(F (v))) is cyclic of order |v| − 1. What we are looking for are the prime divisors of F for which a given point P 0 = (x 0 , y 0 ) under good reduction has the maximal possible order .
The main theorem is proved in §2, Theorem 2.4 and 2.5. In §3 we use our results to establish an analogue of a theorem (Chen-Kitaoka-Yu [3] , Roskam [10] ) on the distribution of fundamental units modulo primes for "real"quadratic function fields .
§1. Algebraic preliminaries
We shall use multiplicative notations for the abelian groups T(F ). Given a non-torsion P 0 = (x 0 , y 0 ) ∈ T(F ), the corresponding norm 1 element in K is denoted by ε 0 . We say that the point P 0 has a good reductionP 0 at a prime divisor v of F if both x 0 and y 0 are regular at v. The set of all prime divisors of F where both T and P 0 have good reduction will be denoted by R. Let I be the set consisting of 1 and all primes dividing r s + 1, for some s ∈ N, and also let N be the set of all square-free natural numbers divisible only by elements in I. Of particular interests to us are the following two sets of prime divisors whose union is M P 0 :
(v, E/F ) = the Artin symbol of the prime divisor v of E/F , where E is a finite Galois extenstion over F .
which equals the order of the integer r modulo ν. Note that if ν ∈ I, then f (ν) must be even if ν is odd. We define f (n) = lcm ν|n f (ν) for a square-free integer n.
If a prime divisor v is inert in K/F , the residue field of K at v will be denoted by K(v) while O v denoting the associated valuation ring contained
under the correspondenceP ↔ε. This leads to the basic Lemma 1.1. Let v ∈ R be a prime divisor which is inert in K/F and ν an odd prime in I. Then the following conditions are equivalent :
Proof. Note first that (1) is equivalent to the conditionε 0
Knowing that the degree of the constant field extension K(µ µ µ ν )/K divides f (ν), and v has a residue class of degree 2 in K/F , we see that
Since P 0 is a non-torsion point, y 0 = 0. We let R denote the subset of R consisting of prime divisors v of F where y 0 does not vanish. For ν = 2, Lemma 1.1 is replaced by Lemma 1.2. Assume r is odd. Let v ∈ R be a prime divisor which is inert in K/F . Then the following conditions are equivalent:
Proof. The equivalence between (2) and (3) follows from the definitions. It is clear thatε 0
If a prime divisor v splits in K/F and w is one of the two prime divisors of K lying above v, then K(w) = F (v). Suppose v ∈ R. There is one-to-one correspondence betweenT(F (v)) and K(w) = F (v) , withP 0 ↔ε 0 , wherē ε 0 is the image of ε 0 in K(w). We have Lemma 1.4. Let v ∈ R be a prime divisor which splits in K/F and ν a prime = char(k). Then the following conditions are equivalent : (2) We will consider
For a general square free n, it is also true that #(C − n ) is either 1 or 0. In order to distinguish those n for #(C − n ) = 1, we introduce, for a given integer e ≥ 0, the set I . The following Lemmas give a crucial information about the Galois family K n .
(a) For an odd integer n ∈ N , we have d n = 2f (n)n gcd(n,s) where s is the largest integer with the property that
for some e, then #(C
Taking the successive composites of all the fields . Consequently,
Let d be the product of all distinct primes q dividing r + 1 such that
be the subset consisting of all primes dividing r 
gcd(ν, f (n)) = 1. Similar to the proof of Lemma 1.6 (a), we have [
. 
Then it follows that σ | F r q = id, because q is odd. This contradicts to the requirement that
, the pair (σ n , τ ) corresponds to the unique elemant in C n , where σ n is the only element in C − n . Therefore, #(C n ) = 1. §2. Existence and positivity of the density Recall that given any set S ⊂ R, the Dirichlet density of S is defined by den(S) = lim 
Suppose that the following conditions hold:
Let S be the set of all prime divisors of F such that their corresponding Artin symbol in Gal(K ν /F ) does not belong to C ν for all ν. Then the Dirichlet density den(S) of S exists and is given by the absolutely convergent series:
where I runs over all finite subsets of I.
Proof. See [4] , Theorem 4.1.
Given a non-torsion point P 0 = (x 0 , y 0 ) ∈ T(F ). Let ε 0 be the corresponding norm 1 element in K. Let s be the largest integer with the property that ε 0 ∈ (K ) s . If n is a square-free integer, n/gcd(n, s) will be denoted by n 1 . The set of all prime numbers not dividing r together with 1 will be denoted by P r . We will apply Theorem 2.1 to the two families
for all prime ν, where A is a positive constant.
Proof. (a) It is clear that
Thus it is enough to check the convergence of
This follows immediately from a well-known theorem of Romanoff (c.f. [9] ). (b) Since f ν ≥ f (ν) for ν ∈ I, hence the conclusion follows from [2] , §3, Lemma 2 on pp. 488.
(c) This is given in [2] , §3, Lemma 1 on pp. 488.
) and den(M
| k ν for all odd ν ∈ I. Since I ⊂ P r , Lemma 2.2 (with θ = 1/4) allows us to apply Theorem 2.1 to the family {(K ν , C − ν )} ν∈I . In view of Corollary 1.3, this gives the existence of:
Next we apply Theorem 2.1 and Lemma 2.2 (with θ = 1/2) to the family {(K ν , {id}} ν∈P r . Using Corollary 1.5, we obtain the existence of den(M
To establish the positivity of the density, we start with the simpler case of even characteristic Theorem 2.4. Suppose P 0 ∈ T(F ) is a non-torsion rational point, and
Let e ≥ 0 be sufficiently large such that gcd(s, r and also F r 2 e+1 ⊆ K ν . Let σ e be the automorphism in Gal(K · F r 2 e+1 /F ) satisfying σ e | K = id and σ e | F r 2 e+1 = τ 2 e . Applying Theorem 2.1 to (e) , and using Lemma 1.6, we find the density of the set S e as given by:
The non-vanishing of this density then follows from an elementary inequality by Heilbronn, c.f. [6] :
The last inequality comes from the fact that gcd(s, r
be th subset consisting of prime divisors having degree ≡ 1 (mod 2d), where d is the integer introduced in connection with Lemma 1.7. It suffices to show that den(S ) > 0. We consider primes in I d , and the set N d . Then the density of the set S is given by (according to Lemma 1.7):
Again by Heilbronn's inequality, we obtain (note that ν 1 = 1 and that ν r+1 implies f (ν) > 2):
Finally we observe that if P 0 ∈ q|r+1 T(F ) The case of odd characteristic, the main result is the following Theorem. Here Theorem 2.1, Lemmas 1.6, 1.7, and Heilbronn's inequality will be used repeatedly in its proof without explicitly mentioning.
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Theorem 2.5. Suppose P 0 ∈ T(F ) is a non-torsion rational point, and 2 r. We have
Moreover, for any
Proof. It is clear that if P 0 ∈ T(F ) 2 then den(M P 0 ) = 0. We will first show that
. Let e ≥ 0 be sufficiently large such that gcd(s, r 
is not cyclic, and K = K. If furthermore both K, K = F · F r 2 , then the density in question is: be the subset consisting of prime divisors having degree ≡ 1 (mod d ). It suffices to prove that den(S ) > 0. We consider primes in I d , and the set N d . If s is even, then K 2 = K and K = K hold. Consequently in this case the density of S is given by:
If s is odd, then K 2 = K and K = K, the density of S is:
To complete the case K ∼ = F · F r 2 , we observe that if P 0 ∈ q|r+1 T(F ) consists only of even degree prime divisors, also den(M . We have:
Since q | r + 1 =⇒ q r − 1 provided q is odd, to finish the proof it is enough to show that in the case
Let d be the product of distinct prime numbers q dividing r − 1 for which K( q √ ε 0 )/K is the constant field extension of degree q. Let I be the set consisting of prime numbers dividing r md +1 − 1 for some integer m ≥ 0, and N be the set of square-free integers divisible only by primes in I . Applying Theorem 2.1 to the family {K n · F r d , C n }, where
be the subset consisting of prime divisors of degree ≡ 1 (mod d). We obtain the density of S as:
This completes the proof of Theorem 2.5.
§3. Applications to fundamental units
Let F be a global function field having constant field k = F r , together with a fixed degree one prime divisor ∞. Let K be a given separable quadratic extension of F in which ∞ splits. In analogy with the classical situation, we call such K a real quadratic function field with respect to (F, ∞). The ring of functions in F which are regular away from ∞ is denoted by O, and
In the following we shall fix a fundamental unit ε for K, and let η = N (ε) = σ 0 (ε)ε ∈ k denotes its norm, where σ 0 is the generator of the Galois group of K/F . The order of η ∈ k is denoted by o η . We are particularly interested in the following set of prime divisors of F :
To study M ε , we consider the torus T /F which is the quadratic twist of G m/F over K. Then let ε 0 = ε o η corresponds to a non-torsion point P 0 ∈ T(F ). Theorems in §2 can apply to P 0 .
Proof. Note that for any constant field extension, ∞ always remains prime. 
